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Improving the Speed of
Parallel Decimal Multiplication

Ghassem Jaberipur and Amir Kaivani

Abstract—Hardware support for decimal computer arithmetic is regaining popularity. One reason is the recent growth of decimal

computations in commercial, scientific, financial, and Internet-based computer applications. Newly commercialized decimal arithmetic
hardware units use radix-10 sequential multipliers that are rather slow for multiplication-intensive applications. Therefore, the future
relevant processors are likely to host fast parallel decimal multiplication circuits. The corresponding hardware algorithms are normally
composed of three steps: partial product generation (PPG), partial product reduction (PPR), and final carry-propagating addition. The
state of the art is represented by two recent full solutions with alternative designs for all the three aforementioned steps. In addition,
PPR by itself has been the focus of other recent studies. In this paper, we examine both of the full solutions and the impact of a PPR-
only design on the appropriate one. In order to improve the speed of parallel decimal multiplication, we present a new PPG method,
fine-tune the PPR method of one of the full solutions and the final addition scheme of the other; thus, assembling a new full solution.
Logical Effort analysis and 0:13 m synthesis show at least 13 percent speed advantage, but at a cost of at most 36 percent additional

area consumption.

Index Terms—Decimal computer arithmetic, parallel decimal multiplication, partial product generation and reduction, logic design.

1 INTRODUCTION

D ECIMAL computer arithmetic is widely used in financial,
commercial, scientific, and Internet-based applications.
One reason is the need for precise floating-point representa-
tion of many decimal values (e.g., 0.2) that do not have an
exact binary representation [1]. Conventional decimal
arithmetic has been, often until lately, implemented by
extremely slow software simulation on binary processors [1].
However, hardware implementations have recently gained
more popularity. For example, the IBM eServer z900 [2],
IBM POWERS® [3], and IBM z10 [4] have special hardware
units dedicated to decimal floating-point arithmetic. The
binary-coded decimal (BCD) encoding of decimal digits,
which is commonly used in these software and hardware
implementations, is recognized by the latest IEEE standard
for floating-point arithmetic [5, IEEE 754-2008].

The computer arithmetic literature includes variety of
articles on decimal arithmetic hardware such as BCD adders
(e.g., [6], [7], and [8]), multioperand BCD adders (e.g., [9]
and [10]), sequential BCD multipliers (e.g., [11], [12], and
[13]), and dividers (e.g., [14], [15], [16], and [17]). However,
some single arithmetic operations (e.g., division or square
root), and also function evaluation circuits (e.g., radix-10
exponentiation or logarithm), are often implemented by a
sequence of simpler operations including several multi-
plications. Therefore, hardware implementation of such
operations and functions would call for high-speed parallel

. The authors are with the Department of Electrical and Computer
Engineering, Shahid Beheshti University, Evin, Tehran, lIran, 19839-
63113, and the School of Computer Science, Institute for Research in
Fundamental Sciences, PO Box 19395-5746, Tehran, Iran.

Email: {jaberipur, a_kaivani}@sbu.ac.ir.

Manuscript received 17 June 2008; revised 21 Jan. 2009; accepted 10 Feb.
2009; published online 21 July 2009.

Recommended for acceptance by E. Antelo.

For information on obtaining reprints of this article, please send e-mail to
tc@computer.org, and reference IEEECS Log Number TC-2008-06-0306.
Digital Object Identifier no. 10.1109/TC.2009.110.

0018-9340/09/$25.00 2009 IEEE

decimal multiplication. Such multiplication schemes are
generally implemented as a sequence of three steps: partial
product generation (PPG), partial product reduction (PPR),
and the final carry-propagating addition. We have encoun-
tered only two full solutions that thoroughly address all the
three steps [18], [20]. They use similar PPG methods, but
follow different approaches for the other two steps.

In this paper, we introduce a new fast decimal PPG
method, modify and use the PPR scheme of [18], and adapt
the BCD adder of [8] to suit the peculiarity of the input to our
third step. We also evaluate the impact of applying the very
recent PPR-only method of [19] on the full design of [20]. We
use Logical Effort [21] area-delay analysis to evaluate and
compare the proposed multiplier with that of [18], [20] and a
modified version of the latter. The comparisons show that
the proposed approach leads to considerable lower latency.

The rest of this paper is organized as follows: Section 2 is
about the general discussion on the three steps of decimal
multiplication. In Section 3, we address the previous decimal
PPG methods and propose a new technique. In Section 4, we
examine the recent contributions on decimal multioperand
addition covering the special case of PPR. This is where
we analyze the scheme offered in [18] and propose our
improvement options. The final product computation is
taken up in Section 5. A comparison of our results with those
of the recent contributions, based on Logical Effort analysis
and circuit synthesis, is presented in Section 6, and finally,
Section 7 concludes the paper.

2 DEcCIMAL MULTIPLIERS

Multiplication is implemented by accumulation of partial
products, each of which is conceptually produced via
multiplying the whole multiplicand by a weighted digit of
the multiplier. Decimal multiplication, as in binary, may be
accomplished sequentially, in parallel, or by a semiparallel
approach [22]. Following the recent trend [18], [20], we
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Fig. 1. The three steps of parallel BCD multiplication.

focus on fully parallel BCD multiplication, which is
generally a three-step process briefly described below:

1. PPG: A partial product W; ... Y' X, as in Fig. 1, is
generated via multiplying the multiplicand X by a
multiplier digit Y, where the positional weight of
W; and Y ¥ is equal to the ith power of the radix (e.g.,
10"). One could think of BCD multipliers producing
all the partial products in parallel by a matrix of
BCD digit multipliers [22], or through selection of
precomputed multiples [23], [11], and [18]. In the
case of [20], 4-2-2-1 decimal encoding is used to
represent the partial products.

2. PPR: This is the major step in parallel multiplication,
which is a special case of the more general problem
of multioperand decimal addition [9] and [10]. A
parallel solution for this problem uses a reduction
tree that leads to a redundant intermediate repre-
sentation of product (e.g., two equally weighted
BCD numbers [20]).

3. Final product computation: The redundant product
computed in Step 2 is converted to the final BCD
product (e.g., via a BCD adder [8]).

Fig. 1 illustrates Steps 1, 2, and 3 for a k-digit BCD
multiplication, where uppercase letters denote decimal
digits, superscripts indicate the decimal weighted position
of the digits, and subscripts are meant to distinguish the
relative decimal weights of partial products.

3 DecIMAL PARTIAL PRODUCT GENERATION

Three common methods of decimal partial product genera-
tion are as follows:

1. Lookup table: This method, in principle, is based on
lookup tables with 8-bit addresses and 100 entries to
hold the values of a 10 10 decimal multiplication
table [24]. Larger lookup tables to implement multi-
ply-add operations are used in [25]. The lookup table
approach requires significant circuitry and delay
[13]. Therefore, it is not very popular in modern
designs for decimal multiplication, especially when
it comes to high-precision multipliers (e.g., 16- and
34-digit decimal multipliers recommended by IEEE
754-2008 format for decimal numbers [5]).
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TABLE 1
The Latency of BCD Multiple Computation
Latenc Multiples
Immediate 0,X

2X, 4X, 5X, 8X
3X, 6X, 7X, OX

Constant time
Word-width dependent

2. BCD digit multipliers: Fully combinational delay-
optimized and area-optimized BCD digit multi-
pliers, with eight input bits and eight output bits,
are offered in [22].

3. Precomputed multiples: A straightforward ap-
proach for decimal partial product generation is to
precompute all the possible 10 multiples (0-9X) of
the multiplicand X at the outset of the multiplication
process. The appropriate partial product is picked by
a 10-way selector. However, 0 and X are readily
available, and low-cost carry-free operations can lead
to BCD numbers 2X and 5X [23]. The multiples
4X .2 2X and 8X..2 2 2X can also be
generated as single BCD numbers in constant time.
This is not possible for the other multiples (i.e.,
3X;6X;7X, and 9X). For example, let X .. 3 9,
where D  stands for a string of one or more
decimal number D. It is easy to see that 3X;6X, and
9X require wordwide carry propagation. Likewise, it
can be verified, with more effort, that the same is true
for 7 142;857 9. However, these hard multiples
and also 8X can be expressed as double-BCD
numbers composed of two equally weighted easy
multiples (i.e., X;2X;4X, and 5X). Note that
generation of 9X as (4X;5X) is faster than (8X; X),
although both are performed in constant time.

Alternative improved versions of method 3 [11], [18] that

originated in [23] lead to very efficient partial product
generation that outperforms methods 1 and 2. We now
briefly address these methods and present a new one in
Section 3.1. Table 1 provides a latency-based categorization
for generation of the 10 multiples, where X is the multi-
plicand. The immediate availability of 0 and X is obvious,
while constant-time computation of the other multiples is
described below:

T ... 2X: Doubling a BCD number X is a carry-free
conversion of each digit of X (say X') to the
corresponding digit of T (T ... thititit}) such that 2
X' ..10C" * tithti0 [23]. The three most significant
bits of T' and ¢' ! can be computed by a simple
combinational logic found in [11] and t} ... C'.

4X and 8X: These multiples may also be computed,
in constant time, through two and three successive
multiplications by 2, respectively.

F ... 5X: This multiple can be computed via multi-
plying all the digits of X by 5, in parallel. For the
ith digit X', we have 5 X'..10C' ' R', where
R' 2 f0;5gand C' ! 4. Therefore, Fi ..R' C' 9
guarantees carry-free multiple computation [23].
The required simple combinational logic can be
found in [22].
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Fig. 2. An example of double-BCD PPG.

M .. mX m 2 £3;6;7;99g : As explained before, these
hard multiples cannot be derived, in constant time,
as single BCD numbers. However, (1) shows how
they can be configured as double-BCD numbers in
terms of easy multiples:

3X .. 2X; X, 6X ..
7X .. BX;2X; 9X ..

5X; X ;
5X; 4X :

The latter method of computation of multiples is used in
[11], where 8X is alternatively represented as two equally
weighted multiples (i.e., 8X ... (4X;4X)). The main benefit
of this PPG method is that the latency is constant (i.e., equal
to that of precomputation of 4X or twice that of 2X) and does
not depend on the number of digits in the multiplicand.
However, the depth of the partial product array is doubled.

Example 1 (double-BCD multiples). Fig. 2 depicts a 4 4
decimal multiplication. Easy multiples 5X and 2X are
represented by 5-digit decimal numbers F and T,
respectively. Hard multiple 7X (6X) consists of two
equally weighted components F and T (F and X). In a
general multiplication circuit, where the value of multi-
plier digits is not known beforehand, the easy multiples
5X and 2X should be augmented by a zero-word as the
second component.

An alternative PPG scheme is offered in [18], where X,
2X,5X, and 10X are precomputed. Equation (2) shows the
generation of other required multiples as double-BCD
numbers. Lang and Nannarelli use a BCD carry-save adder
to convert, in constant time, these multiples to BCD-carry-
save numbers, where each digit is composed of a main BCD
part and a stored carry bit. For consistency with other
methods, we take the liberty of considering the latter carry-
save addition as the first reduction level of the PPR step:

3X .. 2X; X, 4X ..
7X .. 5X;2X; 8X..

2X; 2X ; 6X .. 5X; X
10X; 2X; 9X .. 10X; X:
2
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The slowest multiple, in this scheme, is 2X. The
negation operation requires 9s complementation, which
entails a two-level logic for BCD operands [6]. This is
relaxed in the work by Vazquez et al. [20], where three
designs of decimal multiplication are discussed. The fastest
design (called radix-5) uses the same PPG method as in [18],
but directly produces 4-2-2-1 encoded multiples. This
encoding allows 2X and X to be simply generated by
bitwise inversion of the digits of the corresponding positive
multiples. Note that 4X no longer serves as a component of
8X and 9X. Therefore, 4X can now be generated as a
double-BCD number (i.e., (2X;2X)) and is no more the
slowest multiple.

3.1 The New Method for Computation of
Double-BCD Multiples

There are two distinct operations that contribute to the

latency of partial product generation as follows:

Precomputation: The slowest multiple in [11] is 4X,
and that of [18] and [20] is 2X.
Selection: Standard multiplexers are used in [11] and
[18] while [20] uses a faster custom-designed selector.
All the required multiples may be computed, as double-
BCD numbers, from the fast easy multiples X, 2X, and 5X,
except for 8X and 9X. These two exceptions, however, are
computed as double-BCD multiples (4X;4X) and (4X;5X)
in [11], and as (10X; 2X) and (10X; X) in [18] and [20].
The following disadvantages may be recognized in these
methods:

1. slow 4X generation in [11],
2. slow 2X generation in [18],
3. additional complexity of PPR in [18] and [20] due to:

a. sign bits and
b. additional 10s-complementation bits in posi-
tion 0 of partial products.

To circumvent these disadvantages, we propose the
direct computation of E ..8X and N ..9X. Let Xi..
X3X2X1Xo represent the ith digit of the multiplicand. Also
let E ... 10Eh E;, N .. 10Nh N, Eri1 ... €40€30€20€10, E|i
ese2e180, N ... NgNgoNzonye, and N| .. ngnaning, where
ElEl L NI, and N/ ! all weigh 10' *. Therefore, E and N
are double-BCD muiltiples. The e and n bit variables of the
digits of E and N can be easily derived from straightforward
truth tables. The results are shown by (3) and (4),
respectively:

€ ... 0;

€1 .. XoX1 Xp  XoX1Xp X3Xp  X2X1Xp;

€2 .. X3Xp X1Xp X2Xi;

€3 ... X3 Xz X1Xp  X2X1Xo; 3
€10 ... €1,

€20 ... X3 XpX1 Xp  X2X1Xo;

€30 ... X3 X2X1  X2Xo;,

€40 .. €0;
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No ... Xo;

Np ... XgXp XoX1 Xo  X1Xo;

N2 ... XoX1Xo  X2X1  X2Xo;

N3 ... X3 Xz X1Xo  X2X1Xo; 4
Nio ... X3Xo  X2Xp  X1Xo;

N ... N1;

N30 ... XaXo  XoXo  X2Xi;

Nyo ... X3Xp-

The overall latency of the latter computation is deter-
mined by e;. In Section 6.1, we will show that generation
and selection of the slowest multiple in the proposed design
(i.e., 8X) is faster than that of the slowest one in the other
two most recent methods (i.e.,, 2X). Furthermore, lack of
signed multiples in the proposed design obviates the need
for extra sign-bit and enforced carry-in for ten’s comple-
mentation. Table 2 summarizes the characteristics of the
four PPG methods discussed above.

Recall that each partial product has two components (e.g.,
W ..U V). To generate these components, we use, as
shown in Fig. 3, two selectors S; and S,. The decoder input
Y1 is the jth digit of the multiplier. The boxes denoted by T,
F, E,and N represent the logic for multiples 2X, 5X, 8X, and
9X, respectively. Note that some of these boxes use both X!
and X' 1, and the boxes denoted by E/ * and N} * generate
the higher portions of 8 and 9 multiples of X' 1.

The selector bits come from a special decoder that
transforms the bits of YJ to six signals di, d, d°2, ds, dg, and
do. In fact, as shown in Table 3, the decimal value of Y is

decoded to the d signals for selectors S; and S,. These signals
are computed by (5) and select the corresponding multiple of
X, where , ,and are auxiliary common variables. For
example, for Y7 ... 7, the signals dY and ds are activated that
lead T and F to the outputs of S; and S,, respectively.

IR TR B Y

.. vh vk

o Vi ¥ e VbV 5
ds .. Yoy

ds ... ng YT(-); dg .. y{;, y{f

The details of a bit-slice of selection boxes S; and S, are
depicted in Fig. 4, where X', t', f', ¢!, and n' denote a bit in
the ith digit of multiples X, 2X, 5X, 8X, and 9X,
respectively, and uj— gnd v} spand for the corresponding bit
in the components Uj and V}' of the selected multiple.

4 BCD PARTIAL PRODUCT REDUCTION

BCD partial product reduction, within sequential BCD
multiplication, iteratively adds one BCD operand to an
accumulated partial product [11]. However, the bulk of
work in parallel BCD muiltiplication lends itself to parallel
PPR, which is a special case of parallel multioperand
addition. The latter general problem for BCD operands has
been studied in [9] and [10], and specifically as PPR in [18],
[20], and [19].

Fig. 3. A digit-slice X'YJ of the proposed circuit for partial product generation.
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