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Abstract 
 

Hardware implementation of all the basic radix-10 
arithmetic operations is evolving as a new trend in the 
design and implementation of general purpose digital 
processors. Redundant representation of partial 
products and remainders is common in the 
multiplication and division hardware algorithms, 
respectively. Carry-free implementation of the more 
frequent add/subtract operations, with the byproduct of 
enhancing the speed of multiplication and division, is 
possible with redundant number representation. 
However, conversion of redundant results to 
conventional representations entails slow carry 
propagation that can be avoided if the results are kept 
in redundant format for later use as operands of other 
arithmetic operations. Given that redundant decimal 
representations, contrary to redundant binary, do not 
necessarily require extra storage, we are motivated to 
develop a framework for fully redundant decimal 
arithmetic, where all operands and results belong to 
the same redundant decimal number system and can be 
stored and later used as operands of further decimal 
operations. In this paper, we present a new faster 
decimal signed digit add/sub unit and show how it can 
be efficiently used in the design of decimal multipliers 
and dividers, where all operands and results are 
represented with the same redundant digit set [–7, 7]. 
 
1. Introduction 
 

Decimal computer arithmetic and the supporting 
hardware units are once again in the forefront of 
commercial, financial, scientific, and internet-based 
applications [1]. The current trend is mirrored, in the 
industry, by commercialization of digital processors 
with embedded decimal arithmetic units (e.g., IBM 
z900 eServer [2], power6 [3] and z10 [4]), and in the 
literature, via the state of the art parallel decimal 
multipliers (e.g., [5] and [6]), dividers (e.g., [7], [8] and 
[9]), function evaluation and CORDIC [10] hardware. 

In both decimal and binary arithmetic, partial 
products in multipliers and partial remainders in 
dividers are often represented via a redundant number 
system (e.g., Binary signed digit [11], decimal carry-
save [5], double-decimal [6], and minimally redundant 
decimal [9]). Such use of redundant digit sets, where 
the number of digits is sufficiently more than the radix, 
allows for carry-free addition and subtraction as the 
basic operations that build-up the product and 
remainder, respectively. In the aforementioned works 
on decimal multipliers and dividers, inputs and outputs 
are nonredundant decimal numbers. However, a 
redundant representation is used for the intermediate 
partial products or remainders. The intermediate 
additions and subtractions are semi-redundant 
operations in that only one of the operands as well as 
the result is redundant. In contrast there are fully-
redundant add/subtract schemes, where both operands 
and certainly the result are represented via redundant 
decimal digit sets (e.g., [12], [13] and [14]). Fully 
redundant decimal addition is also used within a 
sequential decimal multiplier [15], where partial 
products are represented in Svoboda’s decimal signed 
digit encoding [12]. However, we have not 
encountered any fully redundant radix-10 multiplier or 
divider in the literature. 

In a comprehensive study on the frequency of 
arithmetic operations of a general computation [16], it 
has been shown that add/subtract operations occur 
more frequently than multiplication and division. 
Therefore, carry-free addition/subtraction can have a 
great impact on the overall execution time. However, 
there are usually two problems: 

 
• Problem 1 (Storage of redundant results): 

 
The redundant result of an addition/subtraction is 
not necessarily used immediately as the operand of 
a subsequent operation. Therefore, it should be 
appropriately stored for later use. But, redundant 
results often require wider storage words or 
registers due to extra redundancy bits within a digit. 
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This may not be required when the radix of the 
number system is not a power of two. For example, 
in radix-10 arithmetic, at least four bits are required 
for representation of a 10-valued nonredundant 
decimal digit. Therefore, there are possibly six 
extra 4-bit codes available to be assigned to extra 
digits of a redundant decimal digit set. For instance, 
the digit set [–7, 7] has been used in the design of a 
fully redundant decimal adder [13] and for 
representation of quotient digits in the design of a 
nonredundant radix-10 divider [8], where each digit 
is represented as a 4-bit two’s complement number. 
The overloaded decimal digit set [0, 15] used in 
[17] represents another example of a redundant 
decimal encoding with no extra redundancy bit. 
There are however, redundant decimal digit sets 
that use more than four bits per digit (e.g., 6 bits in 
[12] and 8 bits in [14]). 
 

• Problem 2 (Intermixed operations):  
 
Other operations such as multiplication and 
division may be intermixed with additions and 
subtractions. Therefore, use of conventional 
multipliers and dividers that require nonredundant 
operands enforces the conversion of redundant 
results, of add/subtract operations, to conventional 
nonredundant format. The conversion may require 
word wide carry propagation that may jeopardize 
the speed gained via carry-free add/subtract 
operations. This problem can be avoided if we keep 
the redundant results intact when they are needed 
as operands of other operations such as 
multiplication or division; hence the necessity to 
design fully redundant multipliers and dividers. 
 

In this paper, a preliminary discussion on decimal 
addition is offered in Section 2. We propose fully 
redundant add and subtract schemes for a redundant 
decimal number system with digits in [–7, 7], in 
Sections 3 and 4, respectively. To further strengthen 
the framework for fully redundant decimal arithmetic, 
without trying to be comprehensive due to space limit, 
we show in Sections 5 and 6 that how the proposed 
carry-free decimal adder and subtractor can serve as 
building blocks for fully redundant decimal multipliers 
and dividers, respectively. Section 7 is dedicated to 
comparisons with the previous fully redundant adders, 
where five different adders are synthesized based on 
TSMC 0.13 μm standard CMOS technology. Also, the 
proposed multiplier and divider are compared with the 
best previous nonredundant designs. Finally, Section 8 
contains our concluding remarks. 

2. Preliminaries 
 
2.1. Nonredundant decimal addition  

Straightforward implementation of decimal 
addition/subtraction on binary digital computers is 
based on decimal full adders (DFA) that compute the 
Eqn. set 1, where ݌ ൌ ݔ ൅ ݕ ൅ ܿ௜௡, s, x and y are 
decimal digits, cin and cout are decimal carries, and |A|m 
stands for A modulo m. 
 ܿ௢௨௧ ൌ ቔ ௣ଵ଴ቕ, ݏ ൌ  ଵ଴                            (1)|݌|
 

Design of the DFA, based on a standard 4-bit binary 
adder, entails the tasks of over-9 detection and  
+6-correction. Eqn. set 2 describes the operation of a 
4-bit adder, where w4 is the hexadecimal carry-out and 
w is the 4-bit sum. ݓସ ൌ ቔ ௣ଵ଺ቕ, ݓ ൌ  ଵ଺                                       (2)|݌|

Eqn. set 3 illustrates the aforementioned tasks that 
arise in the straightforward computation of cout and s 
from p and w, respectively. 
 ܿ௢௨௧ ൌ ൜0, if ݌ ൑ 91, if ݌ ൒ ݏ , 10 ൌ ൜ݓ, if ݌ ൑ ݓ|9 ൅ 6|ଵ଺, if ݌ ൒ 10 (3) 

 
Several decimal addition algorithms and their 

hardware realizations have been offered in the 
literature (e.g., the classical work in [18] and the recent 
one in [19]). Given that in 2’s complement arithmetic 
the addition circuitry is used for subtraction, where the 
overhead is only one XOR gate per bit, the obvious 
challenge is to also unify, with minimal overhead, the 
circuitry for decimal addition and subtraction. 
 
2.2. Redundant decimal addition 
 

Let ݔ௜, ݕ௜ , and ݏ௜ all in [–α, β] (e.g., α = β = 7) 
denote the digits of the operands and result in position i 
(i.e., weighted 10i), such that ݏ௜ ൌ ௜݌ ൅ ௜ݐ െ  ,௜ାଵݐ10
where [–α, β], ruled by Eqn. set 4, is the redundant 
decimal digit set, the position sum ݌௜ ൌ ௜ݔ ൅ ௜ݕ , and ݐ௜ାଵ (similarly ti) is computed as in Eqn. 5, with δ ൌ ൜0, if α ൐ 01, if α ൌ 0 
 
11 ≤ α + β ≤ 15,           α , β ≥ 0, α , β ≠1             (4) 

௜ାଵݐ  ൌ δ ൅ ൝െ1,0,1,  ififif   ݌௜ ൑ െαα ൏ ௜݌ ൏ β݌௜ ൒ β                                   (5) 
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The restrictions in (4) guarantee that ݏ௜ א ሾെα, βሿ (see 
[20] for a general proof) and only four bits are enough 
for encoding the digit set [– α, β]. 

The straightforward implementation of Eqn. 5, as 
more or less followed in [13] for the balanced digit sets 
(i.e., α = β), entails the following four steps: 
 

I. Compute ݌௜ ൌ ௜ݔ ൅ ௜ݕ . 
II. Extract transfer ti+1 via comparison of pi with α.  

III. Compute the interim sum digit ݓ௜ ൌ ௜݌ െ  .௜ାଵݐ10
IV. Form the final sum digit ݏ௜ ൌ ௜ݓ ൅  ௜ݐ
 

All the above steps normally experience worst case 
carry propagation across the 4-bit digits of the 
operands. More efficient implementation, however, 
may be envisaged by noting that the interim sum digit 
wi and transfer digit ti+1 can be expressed and 
implemented in hardware directly as functions of xi and 
yi.  But, this calls for the uneasy task of designing 8-
input combinational logic, where the hardware cost 
may not be appreciated. We propose a compromise 
design with less complex combinational logic and 
shorter carry propagation chains. 
 
3. The improved decimal SD addition 

 
We assume a redundant decimal number system 

with decimal signed digit set [–7, 7] and call the digit 
set as decimal septa signed digit (DSSD) set, to reflect 
the boundary values α = β = 7. Following [13], we 
represent each DSSD as a 4-bit two’s complement 
number. Step I of the decimal addition scheme, 
outlined in Section 2, can be implemented at no cost by 
representing pi as a two’s complement carry-save 
(TCCS) number [21]. This is illustrated in Fig. 1, 
where superscripts (subscripts) indicate bit (digit) 
weighted-2 (-10) positions. Also, white (black) circles 
with uppercase (lowercase) variables represent 
negabits (posibits). 

0
ix2

ix3
iX 1

ix

2
iy 1

iy 0
iy3

iY  
Figure 1. The TCCS position sum pi . 

Let ݌௜ ൌ ԡݑ௜ԡ ൅ ԡݒ௜ԡ, where ԡܾԡ represents the 
arithmetic value of the bit collection ܾ, ݑ௜ is composed 
of the three most significant bits of one operand and 
two of the other and ݒ௜ represents the three remaining 
bits, as illustrated in Fig. 2. Then, ԡݒ௜ԡ א ሾ0, 4ሿ and ԡݑ௜ԡ  We further .{10 ,8 …,2 ,0 ,2– …,14– ,16–} א
decompose ԡݑ௜ԡ, to the decimal transfer ԡݐ௜ାଵԡ ௜ԡݖሼെ1,0,1ሽ and the residue ԡא א ሼെ6, െ4, െ2, 0, 2ሽ 
associated with the bit collection ݖ௜. Therefore, the 
range of the interim sum ݓ௜ ൌ ԡݖ௜ԡ ൅ ԡݒ௜ԡ is ሾെ6, 6ሿ ൌ ሾെ6, 2ሿ ൅ ሾ0, 4ሿ, which leads to ݏ௜ א ሾെ7, 7ሿ. 

Figure 2. Decomposition of ui  to transfer ti+1 and zi 
 
Note that in the alternative balanced decomposition, 

with the aim of extracting ti+1 from only four bits (i.e., ௜ܺଷ, ௜ܻଷ, ݔ௜ଶ and ݕ௜ଶ), a positive residue is inevitable. On 
the other hand, the arithmetic value of the remaining 
bits falls within [0, 6]. Therefore there will be cases, 
where no room is left for the coming transfer ti. 

Fig. 3 illustrates the addition process that is 
composed of the following overlapping steps i to v, 
where Eqn. sets 6 to 10 are derived, via straightforward 
truth tables. 

 

i. Decomposition of ui ruled by ||ui|| = 10 ||ti+1|| + ||zi|| 
(see Fig. 2), where the constituent bits of ti+1 and zi 
are derived as in Eqn. set 6. 

௜ାଵ଴ݐ  ൌ ௜ܺଷ ש ௜ܻଷ,   

௜ܶାଵ଴ ൌ ௜ܺଷ ௜ܻଷ ቀݔ௜ଶ ש ௜ଶቁݕ௜ଵݔ ש ௜ଶݔ ש ௜ଵ൫ݔ ௜ଶݕ ௜ܺଷ ש ௜ܻଷ൯, ܼ௜ଶ ൌ ௜ܺଷ ௜ܻଷ ቀݔ௜ଶݔ௜ଵ ש ௜ଶቁݕ ש ௜ܺଷ ௜ܻଷ ݔ௜ଵݕ௜ଶ  ש

         ൫ ௜ܺଷ ש ௜ܻଷ൯۩ݔ௜ଵݕ௜ଶ ש ௜ܺଷݔ௜ଶݕ௜ଶ,  ݖ௜ଶ ൌ ௜ܺଷ ௜ܻଷ ቀݔ௜ଶ ש ௜ଵݔ  ௜ଶݕ ש ௜ଶቁݕ௜ଶݔ ש ௜ܺଷݔ௜ଶ൫ݔ௜ଵ۩ ௜ܻଷ൯ ௜ଶሺݕ          ש ௜ܺଷ ש ௜ܻଷ ݔ௜ଶ ש ௜ଵݔ௜ଶݔ ௜ܻଷሻ, ܼ௜ଵ ൌ ሺݔ௜ଶ ש ௜ଶݕ ש ௜ଵሻሺݔ  ௜ܺଷ۩ ௜ܻଷሻ ௜ଶݔ௜ܺଷሺ ש ש ௜ଵݔ௜ଶݕ ௜ଶሻݕ௜ଵ ௜ܻଷݔ           ש ש ௜ܻଷሺݔ௜ଶݔ௜ଵݕ௜ଶ ש ௜ܺଷݔ௜ଵሻ.                           (6) 
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Figure 3. The complete addition process. 
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ii. Transformation of vi to ݒ௜ଶݒ௜ଵ ௜ܸ଴ (in parallel with 
Step i), described by Eqn. set 7. 
 ௜ܸ଴ ൌ ௜ଵݒ ,௜଴ݕ۩௜଴ݔ ൌ ௜଴ݔ௜ଵ۩൫ݕ ש ௜ଶݒ ,௜଴൯ݕ ൌ ௜଴ݔ௜ଵሺݕ ש  ௜଴ሻ    (7)ݕ
 

iii. 2-bit addition leading to carry bit ܥ௜ଶ and sum bits ݏ௜ଵ and ݏ௜଴ (Eqn. set 8). 
௜଴ݏ  ൌ ሺ ௜ܸ଴۩ݐ௜଴ሻ۩ ௜ܶ଴,   ܥ௜ଵ ൌ ௜ܸ଴ ௜ܶ଴ ש ሺ ௜ܸ଴ ש ௜ܶ଴ሻݐ௜଴ ൌ ሺ ݕݎݎܽܿ ௜ܸ଴, ௜ܶ଴, ௜ଵݏ   ,௜଴ሻݐ ൌ ሺݒ௜ଵ۩ܼ௜ଵሻ۩ܥ௜ଵ,  ܥ௜ଶ ൌ ሺܥ௜ଵ ש ܼ௜ଵሻݒ௜ଵ ש ܼ௜ଵ ܥ௜ଵ ൌ ,ሺܼ௜ଵ ݕݎݎܽܿ ,௜ଵܥ  ௜ଵሻ              (8)ݒ
 

iv. 1-bit addition in position 2 (Eqn. set 9) leading to ݍ௜ଷ ௜ܳଶ (in parallel with iii). 
 ܳ௜ଶ ൌ ሺܼ௜ଶ۩ݖ௜ଶሻ۩ݒ௜ଶ,   ݍ௜ଷ ൌ ሺܼ௜ଶ ש ௜ଶݒ௜ଶሻݖ ש ܼ௜ଶݖ௜ଶ ൌ ,௜ଶݒሺ ݕݎݎܽܿ ,௜ଶݖ ܼ௜ଶሻ               (9) 
 

v. Final 2-bit addition leading to sum bits ௜ܵଷ and ݏ௜ଶ, 
as described by Eqn. set 10. 
௜ଶݏ  ൌ ௜ଷܥ  ,௜ଶ۩ ܳ௜ଶܥ ൌ ௜ଶ ܳ௜ଶܥ ൌ ,௜ଶܥሺ ݕݎݎܽܿ ܳ௜ଶሻ, ܵ௜ଷ ൌ ௜ଷݍ ש  ௜ଷ            (10)ܥ

Note that the function carry in Eqn. sets 8 to 10 is 
the carry function associated to standard full adders 
and half adders with possibly inverted inputs and 
outputs [22]. Moreover, since ௜ܵଷ is a negabit and no 
carry is to be generated out of position 3, the sum logic 
for ௜ܵଷ is simplified to a NOR gate. This is further 
illustrated in Fig. 4-a, where the critical delay path 
goes through nine logic levels, indeed a considerable 
improvement over the previous 18 logic level design in 
[13]. A more reliable Logical Effort [23] delay analysis 
leads to 13.56 FO4 for the latter and 7.80 FO4 for our 
adder. Also, in Section 7, we report the results of 
synthesizing both circuits by TSMC 0.13 μm 
technology using Synopsis Design Compiler. 
 
4. DSSD subtractor 

 
Since each DSSD is encoded as a 4-bit two’s 

complement number, we simply invert all the bits of 
the subtrahend and perform an enforced carry addition 
per DSSD. The circuitry is the same as the adder of the 
previous section except for the logic that derives ݒԢ௜ଶ, ݒԢ௜ଵ and ܸԢ௜଴ (see Eqn. set 7', below) corresponding to ݒ௜ଶ, ݒ௜ଵ and ௜ܸ଴ (see Eqn. set 7, above) and of course 
two inverters for the two most significant bits of the 
subtrahend.  
 ܸԢ௜଴ ൌ Ԣ௜ଵݒ  ,௜଴ݕ۩௜଴ݔ ൌ ௜଴ݔ ۩௜ଵݕ ש Ԣ௜ଶݒ ,௜଴ݕ ൌ ௜ଵݕ ש ௜଴ݔ ש  ௜଴             (7')ݕ

The gate level analysis of the subtractor just 
described shows that the latency is equal to that of nine 
logic levels with 3-input gates, which is no more than 
that of the adder described in the previous section. 
Moreover, the FO4 delay is 7.80 (i.e., the same as that 
of the adder of Fig. 4-a). The adder (subtractor) by 
itself can be used as the building block for partial 
product reduction (partial remainder computation) in 
the DSSD multiplier (divider) to be briefly explained 
in Section 5 (6). However, in a general purpose 
decimal arithmetic hardware unit, it may be desired to 
perform subtraction using the adder circuitry. To 
realize such a unified add/sub unit we can use a sub 
signal to invert all the bits of the subtrahend via XOR 
gates, and also to select between the outputs of the 
circuits implementing the Eqn. sets 7 and 7'. It turns 
out that only the XOR gates lie within the critical delay 
path, thus adding two logic levels to the overall 
latency, which amounts to eleven logic levels and 9.5 
FO4. Nevertheless, Eqn. sets 7 and 7' and their selector 
can be replaced by Eqn. set 11, to save hardware, as 
depicted in Fig. 4-b. Note that the boxes with same 
degree of shading in Figs. 4-a and 4-b are logically 
identical. 
 ௜ܸ଴ ൌ ௜ଵݒ ,௜଴ݕ۩௜଴ݔ ൌ ௜ଵ൯ݕ۩ܾݑݏ௜଴൫ݕ ש ௜ଶݒ  ,௜଴ሻݔ۩௜ଵݕ௜଴ሺݕ ൌ ௜ଵݕ ܾݑݏ ש ௜଴ݕ௜ଵݕ ܾݑݏ ש  ௜଴                          (11)ݕ ௜଴ݔ௜ଵݕ
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5. Fully redundant DSSD multiplier 
 

Multiplication is normally a three phase process; 
namely partial product generation (PPG), partial 
product reduction (PPR) and final product 
computation. The intermediate results within the PPR 
phase are often represented in a redundant format (e.g., 
binary carry-save [24], binary signed digit [11], or 
decimal carry-save [5]) that enables carry-free 
addition. The conventional multiplication techniques 
assume nonredundant operands and result. Therefore, 
the final redundant partial product needs to be 
converted to the nonredundant representation that is 
delineated for the final product. It is well known that 
such conversion is essentially a slow carry propagating 
operation. However, in fully redundant multipliers, one 
may use the same redundant format for input operands, 
partial products and the final product. Consequently, 
the final product is readily available as the output of 
the PPR phase. 

In this section, we describe the PPG phase of a 
redundant digit decimal multiplier with DSSD 
operands. Although the explanations are somewhat 
lengthy, the hardware realization is simple. The second 
phase would simply make multiple use of the DSSD 
adder of Section 3, and directly produces the final 
product with DSSD digits; hence obviating the need 
for final carry-propagating phase. 

 

5.1. PPG for DSSD operands 
 

Decimal partial products are commonly expressed 
as unevaluated sum of two decimal numbers. For 
example, in conventional decimal multipliers (e.g., 
[25]), the required multiples are expressed as 
unevaluated sum of two easy multiples; that is (0, 1, 2, 
4, 5)×multiplicand X. The easy multiples are 
precomputed, carry-freely, as single decimal numbers. 
As another example, [5 and 6] precompute (±1, ±2, 5, 
10)×X, and more recently, [26] precomputes (0, 1, 2, 5, 
8, 9)×X . To reduce the selection cost, it is naturally 
desirable to restrict the number of precomputed carry-
free multiples to as few as possible.  

For the DSSD multiplier the set of precomputed 
multiples Π = {±X, ±3X, ±4X} is a minimum set, where 
the rest of the required multiples can be expressed as 
two DSSD numbers as follows: 

 േ2ܺ ൌ േܺ േ ܺ, േ5ܺ ൌ േ4ܺ േ ܺ, േ6ܺ ൌ േ3ܺ േ 3ܺ, േ7ܺ ൌ േ4ܺ േ 3ܺ                         (12) 
 

We provide a carry-free logic to precompute the Π 
multiples as two restricted DSSD numbers and add 
them by a simple 4-level logic that produces single 
DSSD multiples. It can be shown that the same 
procedure, if applied to other minimum set of multiples 
(e.g., ±X, ±2X, ±5X), is not as efficient.  

Fig. 5 depicts the required architecture, where ݄௜௠ ൌቔ௠ൈఓ೔ଵ଴ ቕ and ݈௜௠ ൌ |݉ ൈ  ௜|ଵ଴ are the two digits of theߤ
precomputed ݉ ൈ ݉) |௜ݔ| א ሼേ1, േ3, േ4ሽ) and ߤ௜ ൌ  ௜ can be computed via aߤ ௜|. The 3-bits ofݔ|
simple 2-level logic. The multiplexers lead the 
appropriate high or low digit ݄௜௠ or ݈௜௠ to the final 
selector (expanded in Fig. 6) that is controlled by a 
decoder ruled by Eqn. set 13, where ߥ௝ ൌ หݕ௝ห, ߪ௜ ൌ ௜ሻ, ߫௝ݔሺ݊݃݅ݏ ൌ ௝ሻ, ݄௜,௝ݕሺ݊݃݅ݏ ൅ ݄Ԣ௜,௝ ൌ ቔ௫೔ൈ௬ೕଵ଴ ቕ, 
and ݈௜,௝ ൅ ݈Ԣ௜,௝ ൌ หݔ௜ ൈ  .௝หଵ଴ݕ
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Figure 5. A digit-slice for ݔ௜ ൈ  .௝ of PPG networkݕ
േଷݏ  ൌ ௜଴ߥ௜ଶߥ ש ,௜ଵߥ௜ଶߥ േଵݏ ൌ ௜଴ߥ௜ଵߥ ש Ԣേସݏ ,௜଴ߥ௜ଵߥ௜ଶߥ ൌ ௜ଵߥ௜ଶߥ ש ,௜଴ߥ௜ଶߥ Ԣേଷݏ ൌ ,௜଴ߥ௜ଵߥ௜ଶߥ Ԣേଵݏ ൌ  ௜଴       (13)ߥ௜ଵߥ௜ଶߥ
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Figure 6. The logic for the selector of Figure 5. 
 
Table I shows the complete ݄௜௠ and ݈௜௠ values, 

where ݄௜௠ and ݈௜௠ [3 ,3–] א  Table II contains .[5 ,5–] א
logical equations for the three bits of ݄௜௠ and the four 
bits of ݈௜௠ in terms of the bits of ߤ௜. These equations 
have been easily derived via straightforward 3-bit truth 
tables.  

To see the carry-free nature of the computation of 
single DSSD multiples, let ܺ ൌ ௞ିଵݔ … -଴ be the kݔ
digit multiplicand and ௝ܲ ൅ ܲԢ௝ ൌ ܺ ൈ ௝ݕ  denote the 
k+1-digit jth partial product, where ௝ܲ ൌ ௞,௝݌ … ଴,௝, ܲԢ௝݌ ൌ Ԣ௞,௝݌ …   :Ԣ௜,௝, defined as݌ ௜,௝ and݌ Ԣ଴,௝, with݌

௜,௝݌    ൌ ݄௜ିଵ,௝ ൅ ݈௜,௝ Ԣ௜,௝݌ , ൌ ݄Ԣ௜ିଵ,௝ ൅ ݈Ԣ௜,௝    (0 ≤ i ≤ k–1), ݌௞,௝ ൌ ݄௞ିଵ,௝, ݌Ԣ௞,௝ ൌ ݄Ԣ௞ିଵ,௝                          (14) 
 

It can be easily explored from Table I that  ݄௜ିଵ௠ ൅ ݈௜௠ , ௜,௝݌  leading to [7 ,7–] א Ԣ௜,௝݌    .[7 ,7–] א 
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Therefore, computation of the two components of 
the DSSD digits of the jth partial product (i.e., ݌௜,௝ and ݌Ԣ௜,௝ in Eqn. set 14) does not produce any carry. This is 
also shown by Fig. 7 and Eqn. set 15, where l, h and p 
digits are represented by L3l2l1l0, H2h1h0 and P3p2p1p0, 
respectively and ܿଶ ൌ ݈ଵ݄ଵ ש ݈ଵ݈଴݄଴ ש ݄ଵ݈଴݄଴ is the 
carry into position 2. 

଴݌  ൌ ݈଴۩݄଴, ݌ଵ ൌ ݈ଵ۩݄ଵ۩ሺ݈଴݄଴ሻ, ݌ଶ ൌ ݈ଶ۩ܪଶ۩ܿଶ,  ݌ଷ ൌ ܿଶ൫ܮଷ ש ଶ݈ଶ൯ܪ ש ଷ݈ଶܮ ש  ଶ                          (15)ܪଷܮ
 

0l3L

2H

2p3P 0p

1l2l

0h1h

1p
 

Figure 7. Addition of the Low and high components. 
 

The latency of the described 13-logic-level PPG is 
evaluated as 9.33 FO4 via Logical effort analysis [23]. 

 
6. Fully redundant DSSD divider 

 
In this section we briefly examine the impact of 

fully redundant operands and results on the state of the 
art decimal hardware division algorithms, whether 
multiplicative or subtractive, where Z, D, Q and R 
denote dividend, divisor, quotient and remainder, 
respectively. 

 

6.1. DSSD multiplicative division 
 
The reciprocal of the divisor 1/D is produced either 

via converging multiplications, as in Eqn. 16, or 

approximation of 1/D with the help of a table lookup 
operation (Eqn. 17). 

 ௝ܴାଵ ൌ ௝ܴሺ2 െ ௝ܴܦሻ                                         (16) 
 

The recurrence Eqn. 16 is specifically suitable for 
binary division, where D and Rj are fractions, ܴ଴ 
assumes an initial approximation of 1/D, and each 
iteration is composed of two multiplications before and 
after a two’s complement operation [27].  

The other multiplicative method [28] is based on 
Eqn. (17), where again D is a normalized fraction and 
Dh and Dl are its most- and least-significant halves, 
respectively. ܦ௛ െ   ௟ is simply obtained by aligningܦ
–Dl on the right of Dh; thus no subtraction is actually 
required. ܦ௛ିଶ can be looked up in a table, in parallel 
with the multiplication ܼ ൈ ሺܦ௛ െ  ௟ሻ. Finally, aܦ
multiplication by ܦ௛ିଶ derives the quotient. A similar 
method using approximation based on Taylor series 
expansion is offered in [29], where the designer 
decides on where to break D into two parts. 
 ௓஽ ൌ ௓ሺ஽೓ା஽೗ሻ ൌ ௓ሺ஽೓ି஽೗ሻ൫஽೓మି஽೗మ൯ ؆ ܼሺܦ௛ െ  ௛ିଶ           (17)ܦ௟ሻܦ
 

We believe that Eqn. 17, is more suitable for DSSD 
division than Eqn. 16. The reason is that no decimal 
subtraction is needed here. The negation required for – 
Dl can be performed by 4-bit two’s complementation 
of all the DSSD digits in parallel with a latency of two 
logic levels. The multiplier design of the previous 
section can be used for the required two 
multiplications. 

Table II: Logical equations for the bits of ݄௜௠ and ݈௜௠. 
Position 3 2 1 0 ࢏࢒ ࢏ࣆ૚ ߤ௜ଶߤ௜ଵ ߤ௜ଶ ߤ௜ଶߤ௜ଵ ߤ௜଴ ࢏ࢎ૚  0 0 ߤ௜ଶߤ௜ଵ െି࢏࢒ ࢏ࣆ ૚ ߤ௜ଶߤ௜଴ ש ௜ଵߤ௜ଶߤ ש ௜଴ߤ௜ଶߤ ௜ଵߤ௜ଶߤ ש ௜ଵߤ௜ଶߤ ש ௜଴ߤ௜ଵߤ ௜଴ߤ௜ଶߤ ש ௜଴ߤ௜ଶߤ ש ି࢏ࢎ ௜଴ߤ ௜଴ߤ௜ଵߤ௜ଶߤ ૚  ߤ௜ଶߤ௜ଵ ߤ௜ଶߤ௜ଵ ߤ௜ଶߤ௜ଵ ૜࢏࢒ ࢏ࣆ૜ ߤ௜ଶߤ௜ଵ ש ௜ଵߤ௜ଶߤ ௜଴ߤ௜ଵߤ ש ௜଴ߤ௜ଵߤ ש ି࢏࢒ ࢏ࣆ௜ଵ െ૜ߤ۩௜ଶߤ ௜ଵߤ௜ଶߤ ૜  0࢏ࢎ ௜଴ߤ ௜଴ߤ۩௜ଶߤ ଴ݔ௜ଵߤ௜ଶߤ ૜ ߤ௜ଶߤ௜଴ ש ௜ଵߤ௜ଶߤ ש ି࢏ࢎ ௜଴ߤ ௜ଶߤ ௜଴ߤ۩௜ଵߤ۩௜ଶߤ ௜଴ߤ௜ଵߤ ૜  ߤ௜ଶ ש ௜ଶߤ ௜ଵߤ ש ௜଴ߤ௜ଵߤ௜ଶߤ ૝࢏࢒ ࢏ࣆ௜ଵ ૝ߤ۩௜ଶߤ ௜ଵߤ ש ௜଴ߤ ௜ଵߤ௜ଶߤ ש ௜ଵߤ௜ଶߤ ௜଴ߤ௜ଵߤ௜ଶߤ ש ௜଴ߤ௜ଶߤ ש ௜଴ߤ௜ଵߤ ש ௜ଶߤ ௜ଵߤ௜ଶߤ ௜଴ߤ௜ଵߤ ש ௜ଵߤ௜ଶߤ ௜ଶߤ ૝  0࢏ࢎ ௜଴ 0ߤ௜ଵߤ ש ି࢏࢒ ࢏ࣆ௜଴ െ૝ߤ௜ଵߤ ૝ ߤ௜ଶߤ௜଴ ש ௜ଶߤ ௜଴ߤ௜ଵߤ௜ଶߤ ۩ ௜ଵߤ௜ଶߤ ௜଴ߤ ש ି࢏ࢎ ௜଴ 0ߤ௜ଵߤ ૝  ߤ௜ଶ ש ௜ଶߤ ௜ଵߤ ש ௜ଵߤ௜ଶߤ ௜ଵߤ ש  ௜଴ߤ௜ଵߤ

Table I. Generation of Π multiples as high and low restricted DSSD numbers ߤ௜ ߤ௜ െߤ௜ 3ߤ௜ െ3ߤ௜ 4ߤ௜ െ4ߤ௜ ݄௜ଵ ݈௜ଵ ݄௜ି ଵ
 ݈௜ି ଵ ݄௜ଷ ݈௜ଷ ݄௜ି ଷ ݈௜ି ଷ ݄௜ସ ݈௜ସ ݄௜ି ସ ݈௜ି ସ

 

0 0 0 0 0 0 0 0 0 0 0 0 0 
1 0 1 0 െ1 0 3 0 െ3 0 4 0 െ4 
2 0 2 0 െ2 1 െ4 െ1 4 1 െ2 െ1 2 
3 0 3 0 െ3 1 െ1 െ1 1 1 2 െ1 െ2 
4 0 4 0 െ4 1 2 െ1 െ2 2 െ4 െ2 4 
5 0 5 0 െ5 1 5 െ1 െ5 2 0 െ2 0 
6 1 െ4 െ1 4 2 െ2 െ2 2 2 4 െ2 െ4 
7 1 െ3 െ1 3 2 1 െ2 െ1 3 െ2 െ3 2 
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6.2. DSSD subtractive division 
 
The subtractive method is typically based on Eqn. 

18, where W0 = Z < D, ௝ܹ is the partial remainder after 
j iterations, Z (D = .d1d2…dm) is normally a 2m (m) 
digit fraction with d1 ≠ 0, and ݍ௝ାଵ is the (j+1)th digit of 
the fractional quotient Q = .q1q2…qm.  

 ௝ܹାଵ ൌ 10 ௝ܹ െ  (18)                                         ܦ௝ାଵݍ
 

A radix-10 subtractive (or digit recurrence) division 
method has been recently proposed in [8] for 
nonredundant decimal operands, where quotient digits 
are primarily produced as [–7, 7] digits (i.e., DSSD) 
and converted to conventional decimal, on the fly. In 
the fully redundant DSSD division that we propose, the 
dividend, divisor, quotient and the partial remainders 
are all represented as DSSD numbers. We can 
implement Eqn. 18 using the multiplier of the previous 
section, for precomputation of DSSD multiples of the 
divisor (i.e., {–7D, –6D,…6D, 7D}), and the subtractor 
of Section 4, for producing the partial remainders. We 
adopt the techniques described in [8], for the DSSD 
representation, to obtain the comparison multiples and 
new quotient digits. For the former a look up table can 
be set up based on the three most significant digits 
(MSD) of D and for the latter the three MSDs of partial 
remainders are kept as a binary number (the rest in 
original DSSD form) to allow the use of very fast 
binary carry-save adders in deriving the three MSDs of 
the new partial remainder. Moreover, it can be shown 
that as is the case in [8] the three MSDs of the 
difference of the partial remainder and a comparison 
multiple are sufficient for quotient digit selection. The 
only extra units that are to be specifically designed for 
our fully redundant division scheme are the DSSD-
to/from-binary converter of the three MSDs and the 
sign detector for the three MSDs of the comparison 
differences. 
 

7. Comparison 
 

It was noted at the end of Section 3 that the 
proposed DSSD adder is twice as fast, in terms of logic 
levels, as compared to the best previous work in [13]. 
This rough comparison was supported by evaluation of 
FO4 delays of the two circuits with 7.80 FO4 for the 
proposed design versus 13.56 FO4 of the previous one. 
To assess this advantage in a more realistic manner, 
and also for area comparison, we produced VHDL 
code for all the redundant decimal adders that we have 
encountered in the literature and synthesized them 
using the Synopsis Design Compiler. The target library 
was based on TSMC 0.13 μm standard CMOS 
technology. The results appear in Table III, where the 
proposed design outperforms all the previous ones. 

Table III. delay/area for SD decimal adders 

Adder; ref. Digit 
set 

Delay 
(ns) Ratio Area 

 Ratio (૛࢓ࣆ)

Svoboda;[12] [–6, 6] 2.50 2.87 781 1.25 
RBCD; [13] [–7, 7] 1.22 1.40 668 1.07 
DSD; [14] [–9, 9] 1.39 1.60 2333 3.75 
DSD; [30] [–9, 9] 1.65 1.90 2112 3.39 

DSSD; new [–7, 7] 0.87 1 622 1 
 

We have not encountered any fully redundant 
decimal multiplier or divider in the literature to serve 
as a comparison basis with our designs. However, the 
fastest reported nonredundant decimal parallel 
multiplier is due to [6] with 65 FO4 delay, while the 
latency of the proposed fully redundant one is 
evaluated to be 48.33 FO4. As for the fully redundant 
DSSD divider, proposed in Section 6, we believe that 
the latency will not be more than the nonredundant 
radix-10 divider of [8]. The reason, in brief, is that our 
design basically mimics the nonredundant one, where 
the quite similar quotient digit selection of both 
designs is in the critical delay path of each recurrence. 
 
8. Conclusions 

 
We have proposed a framework for fully redundant 

decimal arithmetic based on decimal septa signed digit 
(DSSD) set [–7, 7], where the operands and results of 
the four basic operations are represented as DSSD 
numbers. This allows for ultra fast carry-free addition 
and subtraction of DSSD numbers, which can lead to 
considerable speed up of conventional general 
computations, where the frequency of add/subtract 
operations is more than that of multiplication and 
division. To avoid conversion of DSSD result to 
conventional decimal, except at the end of 
computation, we proposed fully redundant DSSD 
multipliers and dividers to complete the required 
framework. Contrary to binary or high power-of-two 
radix redundant arithmetic, no extra storage is required 
for representation of DSSD numbers in comparison 
with conventional nonredundant decimal arithmetic. 
Therefore, a whole computation can be conducted 
efficiently, with the high speed gained due to highly 
frequent carry-free additions/subtractions, within the 
proposed DSSD framework up to the point of reporting 
a result to an output device. 

The detailed designs for the proposed DSSD adder, 
subtractor, and unified add/subtract unit were 
explained. The results of synthesis of the proposed 
adder and other previous adders, as was tabulated in 
Table III, show 40% speed improvement over the 
fastest previous design. The proposed fully redundant 
parallel decimal multiplier, apparently the first one of 
this kind, is compared with the best nonredundant 
multiplier due to [6] showing 34% speed improvement. 
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We believe that the latency of the proposed fully 
redundant DSSD divider is no more than that of the 
nonredundant one due to [8]. The same outline design 
can be applied for a fully redundant DSSD square 
rooter. This research can be further continued by 
synthesis of the proposed multiplier and divider and 
using benchmarks to evaluate the speed advantage of 
the proposed framework in typical computations. 
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